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Abstract 

A rough set is a formal approximation of a crisp set which gives lower and upper ap- 
proximation of original set to deal with uncertainties. The concept of neutrosophic set is 
a mathematical tool for handling imprecise, indeterministic and inconsistent data. In this 
paper, we introduce the concepts of Rough Fuzzy Neutrosophic Sets and Fuzzy Neutrosophic 
Rough Sets and investigate some of their properties. Further as the characterisation of fuzzy 
neutrosophic rough approximation operators, we introduce various notion of cut sets of neu- 
trosophic fuzzy sets. 

1 Introduction 

Rough set theory is a [9], is an extension of set theory for the study of intelligent systems 
characterized by inexact, uncertain or insufficient information. Moreover, it is a mathematical 
tool for machine learning, information sciences and expert systems and successfully applied 
in data analysis and data mining. There are two basic elements in rough set theory, crisp set 
and equivalence relation, which constitute the mathematical basis of rough set. The basic 
idea of rough set is based upon the approximation of sets by a pair of sets known as the lower 
approximation and the upper approximation of a set . In classical rough set theory partition 
or equilence relation is the basic concept. Now fuzzy sets are combined with rough sets in 
a fruitful way and defined by rough fuzzy sets and fuzzy rough sets [5,6]. Also fuzzy rough 
sets, generalize fuzzy rough, intuitionistic fuzzy rough sets, rough intuitionistic fuzzy sets, 
rough vague sets are introduced. The theory of rough sets is based upon the classification 
mechanism, from which the classification can be viewed as an equivalence relation and knowl- 
edge blocks induced by it be a partition on universe. One of the interesting generalizations 
of the theory of fuzzy sets and intuitionistic fuzzy sets is the theory of neutrosophic sets 
introduced by F. Smarandache. Neutrosophic sets described by three functions: Truth func- 
tion indeterminacy function and false function that are independently related. The theories 
of neutrosophic set have achieved great success in various areas such as medical diagnosis, 
database, topology, image processing, and decision making problem. While the neutrosophic 
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set is a powerful tool to deal with indeterminate and inconsistent data, the theory of rough 
sets is a powerful mathematical tool to deal with incompleteness. Neutrosophic sets and 
rough sets are two different topics, none conflicts the other. Recently many researchers ap- 
plied the notion of neutrosophic sets to relations, group theory, ring theory, Soft set theory 
and so on. In this paper we combine the mathematical tools fuzzy sets, rough sets and neu- 
trosophic sets and introduce a new class of set called fuzzy neutrosophic rough sets. Here 
we give rough approximation of a fuzzy neutrosophic set and introduce fuzzy neutrosophic 
rough sets 

2 Preliminaries 

Definition 2.1 [1] 

A Neutrosophic set A on the universe of discourse X is defined as 
A = { (x,T a (x),I a {x),F a (x)) / i£l) where 
T,I,F : X — > ] 0 _ , 1 + [ and ~0 < T A (x) + I A (x) + Fa(x ) < 3 + . 

Definition 2.2 [1] 

A neutrosophice set A is contained in another neutrosophic set B (ie) 

AC B T a {x) < T b (x), I a (x) < I B {x), F a (x) > F B (x). 

Definition 2.3 [1] 

A fuzzy Neutrosophic set A on the universe of discourse X is defined as 
A = {( x, Ta(x), I A (x), Fa(x)),x G Xj where T,F,I : X — > [0, 1] and 
0 < T a (x) + I A (x) + F a (x) < B. 

Definition 2 .4 [1] 

If A = {(x,T a (x), Ia{x), F a (x)) /x G X} and B = {(x,T B (x), I B (x), F B (x)) /x G X] 
are any two fuzzy neutrosophic sets of X then 

(i) A C B gg Ta(x) < T B (x ); I A (x) < I B {x) and F A (x) > F B (x ) 

(ii) A = B gg T a {x) = T b {x)\ Ia{x) = I B (x) and F A {x) = F B (x) Vx G X 
(hi) A = {(x,F a (x), 1 - I a (x),T a (x)) /x G X} 

(iv) AHB = {(x,T (AnB )(x), I(AnB)(x),F( A nB){x))/x G X} where 

Tadb(x) = min{T A (x),T B (x)} Iadb(x) = min{I A (x),I B (x)} Fadb(x) = m.ax{F A {x),F B (x )} 

(v) AU B = {(x,T(auB)(x), I(aub)(x),F(auB)(x))/x G X} where 

Taub(x) = max{T A (x),T B (x)} Iaub(x) = max{I A (x), I B (x)} F AuB {x) = min{F A (x), F B (x)}. 
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Definition 2.5 [5] 

Let R C U x U be a crisp binary relation on U. R is referred to as reflexive if (x, x) £ R 
for all x £ U. R is referred to as symmetric if for all (x,y) £ U, (x,y) £ R implies (y,x) £ 
R and R is referred to as transitive if for all x,y,z £ U, (x,y) £ R and (y,z) £ R imply (x,z) £ R. 

Definition 2.6 [5] 

Let U be a non empty universe of discourse and R C U x U, an arbitrary crisp relation 
on U. Denote xR = y £ U/(x,y) £ R x £ U 

xR is called the R- after set of x (Bandler and kohout 1980) or successor neighbourhood of 
x with respect to R (Yao 1998 b). The pair (U,R) is called a crisp approximation space. 
For any A C U the upper and lower approximation of A with respect to (U,R) denoted by 
R and R are respectively defined as follows 
R = {x £ U/ xR n A 7 ^ ip} 

R = {x£ U/xR C A} 

The pair (R(A), R(A)) is referred to as crisp rough set of A with respect to (U,R) and R,R : 
p(U ) — > p(U ) are referred to upper and lower crisp approximation operator respectively. 
The crisp approximation operator satisfies the following properties for all A, B £ p(U ) 

(Li) R(A) = R'(A') {!h)R = R{ A) 

(. L 2 )R{U) = U (U 2 )R p = p 

(l 3 ) r(a n b) = R(A) n r(b) ( u 3 )R{A n b) = R{A) u R(b) 

(L 4 ) ACB => R(A ) C R(B) ( Ua)A C B = R{A) C R{B) 

(l 5 ) r(a u b)d r(A) u r(b) ( u 5 )R(A nB) c R(A) n R{B) 

Properties (L\)-dn<l(U\) show that the approximation operators RandR are dual to each other. 
Properties with the same number may be considered as a dual properties. If R is equivalence 
relation in U then the pair (U,R) is called a Pawlak approximation space and (R(A),R(A)) 
is a Pawlak rough set, in such a case the approximation operators have additional properties. 

3 Fuzzy Neutrosophic rough sets 

In this section, we introduce fuzzy neutrosophic approximation operators induced from the 
same. Further we define a new type of set called fuzzy neutrosophic rough set and investigate 
some of its properties. 

Definition 3.1: 

A constant fuzzy Neutrosophic set (a,/3, 7 ) = { (x,a,/3, 7 )/ x £ U} 
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where 0 < a, /3 , 7 < 1 and a + (3 + 7 < 3. 

We introduce a special Fuzzy Neutrosophic set ly for y G U as follows 



TlM) = 

^-{y} ( X ) 

^R-{y}( X ) 

*U*) = 



1 , */ x = y 

0 , if X^y 

\ 0 , if x = y 
I 1 , if x + y 



1 , if x = y 
0 , if x^y 



0 , if x = y 
, 1 , if x^y 

0 , if x = y 

1 , if x^y 



Fl u-{l /}( x ) 



1 , if x = y 
0 , if x^y. 



Definition 3.2: 

A Fuzzy Neutrosophic relation on U is a Fuzzy Neutrosophic subset 
R = {{x,y),T R (x,y),I R (x,y),F R (x,y)/x,y G U} 

T r : U x U — t [0, 1]; I R : U x U — )■ [0, 1]; F R ■ U x U — )• [0, 1] satisfies 
0 < T r (x, y) + I R (x, y) + F R (x, y) < 3 for all (x, y) G U x U . We denote the family of all 
Fuzzy Neutrosophic relation on U by FNR(U x U). 

Definition 3.3: 

Let U be a non empty universe of discourse. For an arbitrary fuzzy neutrosophic relation 
R over U X U the pair (U,R) is called fuzzy neutrosophic approximation space. For any A G 
FN(U), we define the upper and lower approoximations with respect to (U, R), denoted by 
R(A) and R(A) respectively. 

R{A) = {(x,T R{A) (x), I R{A) (x), F R{A) (x)) /x G U} 

R(A) = {(x,T mA )(x), I R (A)(x), F R{A) (x)) /x eU} 

where, 

T m (x) = V [ T R (x,y) AT A (y) ] 
yeu 
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j r(a)( x ) = V [ Ir(x, v) a Ia(v) } 

y£U 

f r(a )( x ) = A [ f r( x i y) v i^(y) ] 

y&U 

t R(A)(x) = A [ F R (x,y) V T^(y) ] 
yeu 

I R(A)( X )= A [ v Ia(v) } 

yeU 

f R(A){x) = V [ T R [x,y) A F A (y) } 
yeu 

The pair (R(A), R(A)) is called Fuzzy Neutrosophic Rough set of A with respect to (U,R) 
and R, R : FN{U) — > FN{U) are referred to as upper and lower Fuzzy Neutrosophic rough 
approximation operators respectively. 

Remark 3.4: 

If R is an intuitionistic fuzzy relation on U then (U,R) is a intuitionistic Fuzzy approx- 
imation space, Fuzzy neutrosophic rough operators are induced from a intuitionistic fuzzy 
approximation space that is 

R{A) = {(x,T R(A) (x), I R{A) (x), F R{A) (x)) /x <E U} A e FN{U ) 

R(A) = {(x,T mA) (x)J m) (x),F mA) (x))/x £[/}de F N (U) 
where, 

t r(A)( x ) = V [ ^r(x, y) A T A (y) ] 
yeu 

i r(A)( x )= V [l-(m(z,y)+'y R (x,y)) A I R (y)j 
yeu 

F R(A)( X ) = A [ 7 R( x ,y) V F A (y) } 
yeu 

Tr(A)(x ) = A [ 7 r(x, y) V T A (y) } 

yeu 

Ir(A){x) = A [ {m(x,y) + iR[x,y)) V I A (y) } 
yeu 

f r(A)(x)= V [ yR(x,y) AF A (y)]. 
yeu 

Remark 3.5: 

If R is a crisp binary relation on U then (U,R) is a crisp approximation space, the Fuzzy 
neutrosophic rough approximation operators are induced from a crisp approximation space, 
that VA G FN(U) 

R(A) = {(x,T R{A) (x),I R{A) (x),F R{A) (x)}/x G U} 
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R(A) = {{x,T E ( A) (x),I E ( A )(x),Fr( A) (x))/U G 5} 

where, 

T m (x) = V t a(v ) Ir(a )( x ) = V !a{v ) f R{a) (x ) = A AAy) 

2/6 [z]i? 2/6 [i] fl 2/e[x] H 

t r( A )( x ) = A t a( 2/) Ir{a )( x ) = A AAy) Ar(a)(zO = V AAy) 

2/6 [x]h 2/6 [i]fl 2/6 [x] a 

Theorem 3.6: 

Let (U,R) be a Fuzzy Neutrosophic approximation space. Then the upper and lower 
fuzzy Neutrosophic rough approximation operators induced from (U,R) satisfy the following 
properties. V A, B G FN(U) , V a, /3, 7 G [0, 1] with a + (3 + 7 < 3 
(FNLl)R(A) = R'{A'), ( FNU1)R(A ) = 5' (A)' 

(. FNL2)R(A U 0 ^ 7 ) = R(A) U (ajf, 7 ), ( FNU2)R(A n 0 ^ 7 ) = 5(A) n ( 0 ^ 7 ) 

(. FNL3)R(A r B) = R(A) n 5(5), ( FNU3)R{A U B) = 5(A) U 5(5) 

( FNL4)A C B => R(A) C R(B) (FNU4)A C B => 5(A) C 5(5) 

(. FNL5)R(A U 5) D R(A) U 5(5) ( FNU5)R{A n 5) C 5(A) n 5(5) 

(FNL6)R\ C 5 2 ^ 5i(A) D ife(A) ( FNU6)Ri Cfl 2 7 5i(A) C 5 2 (A) 

proof: 

It follows directly from Definition 3.1. 

Properties (FNL1) and (FNU1) show that FN rough approximation operators R and 5 are 
dual to each other. 

Remark 3.7: The properties (FNL2) and (FNU2) imply, following properties ( FNL2 )' 
and {FNU2)' 

(FNL2)' R(U) = U (FNU2)' = R(ip) = tp 

Example 3.8: 

Let (U,R) be a FN approximation space where U = {xi,x 2 ,x 3 } and R G FNR(U x U ) 
is defined as 

R = {((xi, x’i)0.8, 0.7, 0.1) ((xi, x 2 ), 0.2, 0.5, 0.4) ((xi, x 3 )0.6, 0.5, 0.7) ((x 2 , xi)0.4, 0.6, 0.3) 
((x 2 ,x 2 )0.7,0.8,0.1) ((x 2 , x 3 )0.5, 0.3, 0.1) ((x 3 , xi)0.6, 0.2, 0.1) ((x 3 , x 2 )0.7, 0.8, 0.1) ((x 3 , x 3 )l, 0.9, 0.1)} 
If a Fuzzy Neutrosophic set 

A = {(xi, 0.8, 0.9, 0.1) (x 2 , 0.5, 0.4, 0.3) (x 3 , 0.5, 0.4, 0.7)} 
then T R(a) {x 1) = V [ t r( x u y) A T A (y)\ = 0.8 

y& 

!r ( A )( x A = V [lR{xi,y) A I A (y)\ = 0.7 

y&Y 
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F R(A)( X i) = A [Fr( x 1,2/) V *a(s/)] = o.l 

yer 

Similarly we have T R(A) (X 2 ) — 0.7 , I R ^(x 2 ) — 0.6 , Fr{( A )(x 2 ) — 0.3 and 
T r(A)( x 3) = °- 6 > J fl(A)(*3) = 0.4 , F S(A) (x 3 ) = 0.1 . 

Hence i?(H) = {(xi, 0.8, 0.7, 0.1) (x 2 , 0.7, 0.6, 0.3) , (x 3 , 0.6, 0.4, 0.1) }. 

Likewise we can calculate 

R(A) = {(xi, 0.5, 0.5, 0.4) (x 2 , 0.5, 0.4, 0.3) , (x 3 , 0.5, 0.4, 0.7) } 

Definition 3.9: 

Let A € FN(U) and a, /3, 7 6 [0, 1] with a + /? + 7 < 3 with (a, /3, 7 ) level set of A denoted 
by A ( a ^) is defined as 

e U/T A {x) > a, I A {x) > (3, F a (x) < 7 } 

We define 

A a = {i£ U/T a (x ) > a} 

Aq, + = {i£ U/T a (x) > a} 

the a level cut and strong a level cut of truth function generated by A. 

Ap = {x G U/I A (x) > /3 } 

Ap + = {x G U/I A (x) > (3} 

the /3 level cut and strong f3 level cut of indeterminacy function generated by A. 
and 

A 7 = {x £ U/F a {x ) < 7 } 

A^+ ={x£ U/F A (x ) < 7 } 

the 7 level cut and strong 7 level cut of false value function generated by A. 

Similarly, We can define other types level cuts 

A( a +’P + ’ 'Y+) ={x£ U/T a (x) > a, I A {x) > /3, F A {x) < 7 } which is (a + (3 + 7 +) level cut set 
of A. 

A (a+,/3, 7 ) = { x € U/T a {x) > a , Ja(x) > P, F a (x) < 7 } 

y4(«A+,7) = {x G U/T a (x) > a,I A (x ) > / 3,F A (x ) < 7 } 

A (a,/3,7+) = e U/T a {x) > a , I A (x) > p, F a [x) < 7} 

Like wise other level cuts can be defined. 

Theorem 3.10: 

The level cut sets of Fuzzy Neutrosophic sets satisfy the following properties V £ 

FN{U), 

a,P, 7 € [ 0 , 1 ] with a + P + 7 < 3 
ai,/3i,7i G [0, 1] with 07 + /?i + 71 < 3 




a 2 , /?2, 72 G [0, 1] with a 2 + /?2 + 72 < 3 



1) A W") = A a H A/3 fl A~< 



2) (A') a = ( A’)a+ : (A')/3 = (A')(l - /3+); (A'p = (A') q+ 



3) ( n a ) = n (A)a 

viGt / / ry i£j 



n a )p = n ow 

ieJ / ieJ 

n^V = n (^) 7 

ieJ / ieJ 



5) ( U A: ) = U (A)c 



U A \p = U (A*)/3 

ieJ / ieJ 



U Ai ] = U (A) 7 

ieJ / ieJ 
/ \ («>/3.7) 

6) U A 2 u (A^Fi) 

\i£j J i£j 

/ \ (a,/3,7) 

7) n a ) d n(A) (aA7) 

VieJ / *eJ 



8) For a± > a 2 /3i > /3 2 71 < 7 2 



A ai C A a2 ; A/3 ! C A/3 2 A^ C A^ 

^( aiA ^ i ) C ^ 4 ( a 2 ,/ 32 , 72 ) 

Proof 

1) and 3) follow directly from definition 3.9 

2) Since A = {(x, Fa(x), 1 — Ia(x),Ta(x))/x S F} 
(A') q = {i£ U/F a (x) > a} 

By definition, 

A a + = {x€ U/F a (x ) < a} 

A a+ = {xe U/F a (x ) > a} 
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6) For any x G A a , according to definition(*) we have for Ta(x ) > a\ > 02, we obtain 

A ai c A a2 . 

Similarly for f3\ > 02 and 71 < 72 we obtain A/3 1 C A/?2 and A 11 C A 72 . 

Hence we have, 

Corollary 3.11: 

Assume that R is a Fuzzy Neutrosophic. relation in U, 

R a = {(x,y) G U x U/T R (x,y) > a} 

Ra(x ) = {y 6 U/T R (x,y) > a} 

R a+ = {(x,y) G U x U/T R (x,y ) > a} 

R q+ (x) = {y G U/T r (x, y) > a} 
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R/3 = {(x,y) g U x U/I R (x,y) > f3} 

R(3(x) = {y £ U/I R (x,y) > f3} 

R/3+ = {{x,y) £ U x U/I R (x,y) > /3} 

R/3+(x) = {y £ U/I R (x,y ) > /?} 

-R 7 = {(z,y) e^/x U/F R (x,y) < 7} 

-R 7 (z) = {y <E U/F r (x, y) < 7} 
i? 7+ = {(®,y) G U x U/F R (x, y) < 7} 

-R 7+ (z) = {?/ G U/F R (x,y ) < a} 

-R (a,/3 ’ 7 ) = {0,2/) € U x U/T R (x,y) > a,I R (x,y ) > fi,F R (x,y) < 7} 

R(.<x&7){x) = {y £ U/T r (x, y) > a,I R (x,y) > f3,F R (x,y) < 7} 

Then for all i? a , R Q+ , R/3, R/3+, R 7 , R 7+ , are crisp relation in U and 

1) If R is reflexive then the above level cuts are reflexive. 

2) If R is symmetric then the above level cuts are symmetric. 

3) If R is transitive then the above level cuts are transitive. 

Proof 

Since R is a crisp reflexive V x £ U, ot, (3, 7 £ [0, 1] 

Take, T R (x,x) = 1 I R (x,x) = 1 F R (x,x ) = 0 V x £ U 

Now, we have R a is a crisp binary relation in U and x £ U, (x,x) £ R a . R a is reflexive. 

If R is symmetric then V x, y £ U, we have (x, y) £ R a =7- (y, x) £ R a ■ .'. R a is symmetry. 
Similarly we can prove R/3 and R 7 are symmetric. 

If R is transitive then Vx, y,z £ U and a, (3, 7 £ [0, 1] 

Tr{x , z) > T r (x, y) A T R (y, z ) 

Ir(x, z) > Ir(x, y) A I R (y, z) 

Fr(x, z) < F r (x, y) V F R (y, z) 
for any (x, y) £ R a (y, z) £ R. a 
(x, y) £ Rf3 (y' , z) £ Rj 

0 *",y")£R 7 (: y",z")£R 7 

(ie) Tr(x, y) > a, T R (y,z)>a =7- T R (x,z)>a 
I R (x,y)>P, I R (y ,z) > f3 =7- I R (x , z) > f3 
Fr{x" ,y") < 7) F R {y \ z ") <7 =7 Fr(x" , z") < 7 
Therefore R a , R/3, R 7 are transitive. 

Hence R^ a '^^ is transitive. 

Similarly we can prove other level cuts sets are transitive. 
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Theorem 3.12: 

Let (U,R) be a fuzzy neutrosophic approximation space and A £ FN(U), then the upper 
FN approximation operator can be represented as follows V x £ U. 

1 ) t r(A)( x )= V [a A R a (A a )(x)\ = V [a A R a (A a+ )(x)] = \J [a A R a+ (A a )(x)] = 

«e[o,i] ae[o,i] ae[o,i] 

V [a A R a+ (A a+ )(x)\ 

ae[o,i] 

2 ) Ir(A)( x ) = V [a A Ra(Aa)(x)] = V [a A Ra(Aa+)(x)\ = \J [a A Ra+(Aa)(x)] 

a€[0,l] ae[0,l] ae[0,l] 

V [aARa+(ia+)(i)] 
as [0,1] 

3 )F R[A) ( x )= A [aVR a (A«)(x)} = A [aVfl«(A“+)(*)]= A [a V R<*+(A<*)(x)\ = 

oe[0,l] ae[0,l] «6[0,1] 

A [a V R a+ (A a+ )(x)] 
ae[o,i] 

and more over for any a £ [0, 1] 

4 ) [R(A)] a+ C R a+ (A a+ ) C £ a (A a ) C; [A'(,4)j a 

5) [A(A)] a+ C S > a+(Aa+) C Ra(Aa) C [R(A)] a 

6) [1?(A)]“ + C i^+(A a+ ) C C [R(A)] a 

7) [R(A)] a+ C f? a+ (A*+) C f? a (A a ) C [fl(A)] a 

8) [A(A)] a+ C S > a+(Aa+) C Ra(Aa) C [R(A)] a 

9) [1?(A)]“ + C R*+(A a+ ) C i?“(A a ) C [f?(A)] Q 

Proof 

1) For x £ U, we have 

V [a A ^(Aq,)^)] = Sup {a £ [0, I]/# £ R a (A a )} 

as [0,1] 

= 5iip {a £ [0, 1 ]/-Rq,(,t) n A q / p} 

= Slip {a £ [0, l]/3p £ U(y £ R a (x),y £ A Q )} 

= Slip {a £ [0, l]/3y £ ?7[T R (x,y) > a,T A (y ) > a]} 

= V [Tr(x,p) AT a (i/)] = T R{a) (x) 

y£U 

2) \/ [aA&(Aa)(i)] = Supja £ [0, l]/x £ fia(da)} 

ae[0,l] 

= Sup {a £ [0, 1 ]/Ra(x) n Aa / p} 
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= Sup {a G [0, 1 ]/3y G C/(y G Ra(x),y G Ha)} 

= Sup {a G [0, l]/3y G H[/ R (x,y) > a,I A {y) > «]} 

= V [Ir{ x i y) A I A (y)] = Ir(a)( x ) 

y&U 

3) V [a a R a (A a )(x)\ = inf {a G [0, 1 ]/R a (x) n A a / ip} 

ae[0,l] 

= inf {a G [0, 1 }/R a (x) n A Q / ip} 

= inf {a G [0, l]/3y G U(y G R a (x),y G H Q )} 

= inf {a G [0, l]/3y G U[F R (x, y) < a, F A {y) < a]} 

= A \Fr(x,v) V F A {y)} = F R{a) (x ) 

y£U 

Like wise we can conclude 

T R(A){ x )= V [«Afi tt (i + )(i)] = V [aAA+(4)W] = V [a A J R Q+ (H Q+ )(x)] 

a€[0,l] ae[0,l] ae[0,l] 

Ir( A )(x) = V [a A .Ra(Ha+)(x)] = V [a A _Ra+(Ha)(x)] = V [a A Ra+(Aa+)(x)\ 
ae[0,l] ae[0,l] ae[0,l] 

Fr {a) (x)= A [aVK*(A°+)(x)] = A [«VJj“ + (4“)(x)] = A [a V i?“+(H“+)(x)] 

ae[0,l] ae[0,l] ae[0,l] 

4) Since S:„ + (H„ + ) C _R a+ (H a ) C R a (A a ) 

We prove only [_R(H)] a+ C _R Q+ (H Q+ ) and R a (A a ) C [i?(H)] a 
For any x G [^(y4)] Q+ 

T R{A) > a 

=>- V [ T R(x,y ) A T^(y)] > a 3y' G U 3 T R (x,y) A Tr(A’) > a 
yeu 

=> lj G R a +(x) and y' G H Q+ 

-Rq-|-(x) n H Q+ 7 ^ 

From the definition of upper crisp approximation operator we have x G -R a+ (H a+ ) 

Hence [-R(H)] a+ C R a+ (A a+ ) 

Next, to prove R a (A a ) C [i?(H)] Q 
For any x G R a (A a ), R a (A a ){x) = 1 
If 3 /3, then 

t r(A){x) = V [/? A j R /3 (H /3 )(x)] > a A R a (A a )(x) = a 
/3e[o,i] 

We obtained x G [i2(H.)] a 
Ra{A a ) C [i?(j4)] a 

5) Similar to (4) It is easy to prove 
Rot-\-(Acx - |-) G S!a-f~(Ha) G Ra(Aa) 

Hence we prove 
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i) [R(H)]a+ C Ra+{Aa+) 

ii) Ra(Aa) C [R(A)\a 

i) For x G [R(H)]ck+, Ir( A )( x ) > « 

=>- V [AA^y) A/A(y)] > a 

yf u 

3 y eU 3 Ir(x, y) A I A (y) > a 

(ie) Ir(x, y')a and I A (y)a 

=4> y G Ra + (x) and y G Ha+ 

y G R(x) n Ha+ => Ra + (x) n Aa+ A tp 

By the definition of crisp approximation operator we have 

x G RoT ( k Acx ~\~ ) 

Therefore [R(A)\a+ C Ra+(yla+) 

Next for any x G Ra(Ha), Ra(Ha)(x) = 1 
If 3/3 then 

Tr<a)( x ) = V [P A R |f j( J 4 / g)(x)] > a A Ra(Aa)(x) = a 

/3e[o,i] __ 

We obtain x G [R(A)\a Therefore Ra(Aa) C [R(A)\a 

6) The proof of (6) is similar to (4) and (5) we need to prove only 

[R(H)]“+ C W+(A a +) and W(A a ) C [R(H)] Q 

For any x G [R(A)] a+ , F R(a Ax) < a (ie) A [ F R(x,y) V F A (y)\ < a 

y&U 

3 y G U 3 Fr(x, Y ) V F A (y) < a 
Hence Fr(x,Y’) < a,T A (y) < a 
(ie) y G R“ + (x) and y G A a+ 

R a+ (x)nA a+ A0 

Therefore x G R Q+ (H Q+ ) 

[R{A)] a+ C RA+(H a +) 

Next for any x G R a (A a ) note R a (A a )(x) = 1 then we have 
f r( A )(x)= A [/? V R®(H /3 )(x) 1 < a V R"(H“)(x) = a 

_/36[0,l] L J 

Thus x G [R(A)] a . Hence R a (A a ) C [R(H)] a 

The proof of (7), (8), (9) can be obtained similar to (4), (5), (6). 

Theorem 3.13: 

Let (U,R) be FN approximation space and A G FN(U) then Vx G U 
1 )Tr {A) (x)= a [«v(i-r%4 q+ )(x))]= A [«V(1-R“(4)(x))1 

ae[0,l] ae[0,l] 
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A [aV(l-EA(4 Q+ )(.'c))]= A [a V (1 - R a+ (A a )(x))] 
ae[0,l] ae[0,l] 

2) Ir(A){ x ) = A a V (1 — 1?(1 — a){Aa+)(x)) = A [a V (1 — R(1 — a)(4a)(j;))] 
ae[o,i] L J ae[o,i] 

A a V (1 - fl(l - a+)(j4a+)(s)) = A [a V (1 — i?(l — a+)(Aa){x))\ 

ae[o,i] L J ae[0,l] 

3 )F R(A) (x)= V [«A(l-^(4 a +)(x))] = V [«A(l- J R a (A“)(x))] 
ae[0,l] ae[0,l] 

v a A (1 - R a+ (A a+ )(x)) = V [a A (1 - R a+ (A a )(x))j 

ae[o,i] L J ae[o,i] 

and for a € [ 0 , 1 ] 

4 ) [R(A)] a+ c R a (A a+ ) c E a ±(^a+) c E“±(A*) c [E(A)] a 

5) [i2(A)] a+ C R1 — a(Aa+) C Rl — a+(Aa + ) C R1 — a+(Aa) C [4?(^4)]a 

6) [E(A)] q+ C R a (A a +) C Aa+(^“ + ) C gg+(A a ) C [R(A)] a 

7) [R(A)] a+ C R"(A a+ ) C R^±(A a ) C R^±(A a ) C [R(A)] a 

8) [A(^4)] a+ C Ul — a+(Aa+) C i?a(Aa+) C i?(l — a+)(Aa ) C [A(^4)]“ 

9) [E(A)] q+ c R a (A“+) C Ra(A a ) C Aa+(^ Q ) C [fl(A)]° 
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